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Abstract 

Making use of the J\f = 2 Liouville theory and world-sheet techniques, we study the 
properties of D-branes wrapped around vanishing SUSY cycles of singular Calabi-Yau 
n-folds (n = 2, 3, 4). After constructing boundary states describing the wrapped branes, 
we evaluate the disc amplitudes corresponding to the periods of SUSY cycles. We use the 
old technique of KPZ scaling in Liouville theory and derive holomorphicity and scaling 
behavior of vanishing cycles which are in agreement with geometrical considerations. 

We also discuss the open string Witten index using the N = 2 Liouville theory and 
obtain the intersection numbers among SUSY cycles which also agree with geometrical 
expectation. 



1 Introduction 



Recently the study of string compactification on singular Calabi-Yau manifolds has been 
receiving a lot of attentions H, |, ||. When a CY manifold approaches a singular limit, 
some of its cycles become degenerate and various non-perturbative phenomena take place. In 
particular when CY manifold X„ (n denotes the complex dimension) has an isolated A-D-E 
type singularity, we expect to obtain a scale invariant theory in d = 10 — 2n dimensions which 
is decoupled from gravity |^. It has been proposed that such a space-time theory may be 
studied by looking at its dual string theory [0, ||, ||, ||: this dual theory possesses a linear 
dilaton background and involves the Af = 2 Liouville theory (or SL{2,'R,)/U{1) theory) 
and the M = 2 minimal model. Liouville field describes the radial direction of the throat 
of singular CY manifold and another scalar field Y m. M = 2 Livouville sector parameterizes 
the circular direction of the throat. 

Such a dual string theory is reminiscent of the Gepner model of exactly soluble string 



compactification [|rT|. In the present case the minimal model is coupled to Liouville sector 
which is non-compact and the non-compactness makes it non-trivial to see if such a string 
background is in fact consistent. Recently, modular invariance for these backgrounds has 
been studied and it has been shown that there exist a series of modular invariant partition 
functions of the A-D-E type which are in one to one correspondence with the CY manifolds 



with A-D-E singularities |12, 13, 14, 15 



It is quite interesting that the Liouville theory plays a novel role in the description of 
singular CY compactification. In this paper we will borrow the technique from the old Liou- 
ville theory [l^, |l^, |l^ and apply it to the analysis of the scaling behavior of singular CY 
manifold. In particular we will study the scaling laws of the periods of vanishing cycles as 
the deformation parameter /i of the singularity is turned off. 

In order to carry out such an analysis we use the method of boundary states which describes 
the SUSY cycles from the world-sheet point of view. Technologies of describing D-branes 
using world-sheet theory have recently been developed considerably |T^, In particular 
the boundary state approach to D-branes in Gepner models has been discussed by various 
authors pT| , p2| , In this paper we will make a slight generalization of this construction to 
cope with the case of non-compact CFT consisting of Liouville field. 

We will consider two-point functions of boundary states with chiral primary fields which 
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correspond to periods of vanishing cycles. These correlation functions vanish identically due 
to Liouville momentum conservation unless the system is perturbed by some Liouville poten- 
tial terms. We shall show that when the theory is perturbed by the cosmological constant 
operator, correlation functions become non-zero and behave exactly as the periods of van- 
ishing cycles. We shall show that we can in fact identify the deformation parameter /i as 
the coefficient of the cosmological constant term in Liouville theory. We also compute the 
intersection numbers among vanishing cycles using the Liouville theory. We obtain results 
which agree completely with geometrical considerations and also agree with the results of 



2|, m based on the SL{2,R)/U{1) approach. 

This paper is organized as follows: In section 2, starting from a brief review of the setup of 
world-sheet description of 0, we construct the supersymmetric boundary states. In section 3 
we will evaluate the periods of the D-branes wrapped around the vanishing cycles by means 
of the world-sheet techniques. In section 4 we compute the intersection matrix (open string 
Witten index ||26[) of vanishing cycles. We will also discuss the relation of Liouville theory to 
the SL{2; R)/f/(l) approach in section 5. In section 6 we summarize our results and present 
some discussions. 

2 World-sheet Description of D-branes in Singular CY 
Compactification 

2.1 World-sheet Approach to Singular CY Compactification 

Throughout this paper we consider type II string theory on the background R*^"^'^ x X„, 
where X„ is a CY ra-fold (2n + d = 10) with an isolated singularity of A-D-E type defined by 
a polynomial equation F{zi, Z2, ■ ■ ■ , Zn+i) = 0. (More precisely, we shall consider IIA string 
for the cases d = 2, 4, and IIB string for d = 4). For simplicity we focus on the Ajv-i-type 
singularity in this paper; 

F{zu ...,zr,)=z^ + zl + --- + 4+1. (2.1) 

According to the decoupled limit of string theory on R*^"^'^ x X„ is described as a string 
theory on 

R'^-^'i X (R^ X S^) X LG{W = F) = R'^"^-^ x (R^ x S^) x 



where LG{W = F) stands for the Af = 2 Landau-Ginzburg model with a superpotential 
W = F, and Mn denotes the M = 2 minimal model with central charge c = 3(iV — 2)/N. 
The sector x is described by the M = 2 Liouville theory [l^ whose field contents 
consist of bosonic variables (j) (parameterizing R^), Y (parameterizing S^) and their fermionic 
partners "R^" indicates a linear dilaton background with the background charge 

Q{ > 0)0. Adjustment of the central charge gives the following values of the background 
charge in dimensions d = 6,4,2 

d = 6; Q = 



N + 2 

d = A- Q = J^^, (2.2) 



d = 2; Q 



'2{N+1) 



N 



The superconformal currents read as 



T = -^{dYf - ^(90)2 - ^d^(f) - 1(^+5^- - a^+^-), 

= -^^^{tdY ± d<P) T ^d^^, (2.3) 
V 2 V 2 

J = ^+^- - QidY, 

which generate the Af = 2 superconformal algebra (SCA) with c(= -) = 1 + Q^. 

3 

Since we have a linear dilaton background, $(0) = ~i^'P-> theory is weakly coupled 
in the "near boundary region" cj) ~ +oo. On the other hand, in the opposite end (j) ~ —oo 
(near the singularity) the string coupling blows up. In order to avoid the region (j) ~ — oo one 
should add a "Liouville potential" term ~ e""*^ (a > 0) to the action. Compatibility with the 
M = 2 superconformal symmetry leads us to the following three types of Liouville potentials, 
two of them are (anti-)chiral and one is non-chiral; 

= J d^z^^^^e~¥'^^'''\ (2.4) 
Snc = J d'^z{d(f)-idY -Q^+^-){d(j) + idY + Q^~^^-)e-^'''. (2.5) 

They commute with all the generators of A/ = 2 superconformal algebra and thus are the 
screening charges of SCA. It is easy to recognize these as the super- and Kahler potential 

^The present normalization of the background charge is defined so that the Liouville central charge equals 
C0 = f + 3Q2. 
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terms in the M = 2 theory 

= Jd^zd'e^e-^"^, (2.6) 
= y'ciW^+ci2re-^(*^+*'), (2.7) 

where denotes the (anti-)chiral superfield whose scalar component is ± iY. Thus the 
operators describe the deformation of the superpotential or the complex structure of the 
CY manifold X„ while S^c provides the deformation of the Kahler structure of the theory. 
We can identify the operators as the analogues of the cosmological constant term in 
the bosonic Liouville theory. On the other hand, as we discuss later, the operator Snc may 
be identified as the screening operator of SL{2, R) current algebra or the black hole mass 
operator in the SL{2, R)/U{1) WZW model of 2D black hole fg^. 

In the following we shall concentrate on the perturbation by the cosmological constant 
operators S± {Sl denotes the Liouville action) 

Sl + fiS^ + fiS-. (2.8) 

Note that here is a complex parameter as opposed to the bosonic Liouville theory where /z 
is a real parameter. 

It has been suggested by various authors p|, Q that the perturbation ( p.8|) corresponds to 
the most relevant deformation of the singularity 

F{zi,...,zn+i)+fi = 0. (2.9) 

If we consider the case of n = 3 for instance, superysmmetric 3-cycles in CY threefold are 
degenerate in the singular limit /i = 0. These cycles become inflated and acquire a finite 
size when the perturbation /i is turned on. In the following sections we compute correla- 
tion functions in Liouville theory which correspond to the sizes and intersection numbers of 
the vanishing cycles. These correlation functions in fact vanish by the Liouville momentum 
conservation at /i = 0, however, they acquire finite values when the system is perturbed by 
the cosmological constant operator. We use the technique of the Liouville theory developed 
in 2D gravity theory ||16|, and compute the correlation functions by inserting a suitable 
number of cosmological constant operators. It turns out that we obtain scaling relations for 
the vanishing cycles which are in complete agreement with the geometrical considerations. 
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2.2 Supersymmetric Boundary States in = 2 Liouville Theory 

It is known that in the M = 2 theory there are two types of boundary states preserving the 
superconformal symmetry |^. In the context of superstring theory they correspond to the 
D-branes wrapped around special Lagrangian submanifolds or holomorphic cycles in the CY 
manifolds. We describe them using the mode expansion in the closed string channel. 

A-type (middle-dimensional cycles, special Lagrangian submanifolds) 

(J„- J_„)|5;r7) = (2.10) 
{G^-ir^Gl,)\B-r^) = (2.11) 

B-type (holomorphic even-dimensional cycles) 

{Jn + Ln)\B-7]) = (2.12) 

{G^-i^G%)\B-r^) = (2.13) 

where 77 = +1 or —1. Signature rj is related to the choice of NS or R boundary conditions in 
the open string channel. 

In both cases we impose the superconformal invariance at the boundary; 

(L„-L_„)|5) = (2.14) 
{Gr-ir]G-r)\B) = (2.15) 

where G = G'+ + G-. 

Now let us consider the supersymmetric boundary states in the M = 2 Liouville theory. 
By inspecting the mode expansion of operators of SCA ( p.3|) it is easy to see that the A-type 
and B-type boundary conditions require 

• A-type: ^-direction must obey the Neumann boundary condition (b.c), and F-direction 
must be Dirichlet b.c. 

• B-type: 0-direction must obey the Neumann b.c, and F-direction must be Neumann 
b.c. 
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where id(j){z) = ^ . As is discussed in |28|, shift iQ/2 of Liouville momentum in ( p.l7|) 



Note that the Liouville direction must always obey the Neumann b.c, which means that 

+ = 0, (n^O) (2.16) 

at\B) = &t\B) = '-^\B), (2.17) 

{'^f + ir]^'tr)\B) = 0, ^<^ = ^(^+-^-) (2.18) 

v2 

at 

follows from the requirement of conformal invariance at the boundary; (L„ — L_n)\B) = 0. 
In fact the commutation relation 

[Lm, afl] = -nafa+n - i^m{m + l)(5m+n,o, (2.19) 

leads to 

[L^ - + atn] = ~n{at+n + «l(m+„) - iQ5m+n,o)- (2.20) 

Thus (oq + aQ)\B) = iQ\B). Since 0, being a non-compact boson, has no winding mode, we 

have — c^o • The fact that the supersymmetric boundary states have the fixed Liouville mo- 
iQ 

mentum = — plays an important role in deriving the scaling behavior of supersymmetric 
cycles. 

It is interesting to consider the Dirichlet condition for the Liouville direction and this 



case has been discussed by several authors [^, |2^ . However, we only consider the Neumann 
condition in this paper. 



2.3 Ishibashi States in Singular CY^ Theory 

Now we explicitly construct the supersymmetric boundary states in the singular CYn theory. 
In the following we take the light-cone point of view and consider only the transverse directions 
R*^^^ X (R^ X Sy) X Mtv of the theory. We focus on the A-type boundary condition which 
corresponds to the Dn-hiane wrapped around the middle-dimensional SUSY cycles in CYn 
(special Lagrangian submanifold) ; 

• All the R'^~^-directions — > Dirichlet b.c, characterized by the zero-mode momentum 

a^\B) = ai;\B) = p^,\B) (2.21) 
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R^-direction — ^ Neumann b.c, and as we have already observed, with the zero-mode 
momentum fixed as 

at\B) = at\B) = '-^\B) (2.22) 

Sy-direction — > Dirichlet b.c, characterized by the Kaluza-Klein momentum 

a^\B) = a^\B) =p\B), p=^{ne Z) (2.23) 

(The radius of Sy is equal to NQ. After imposing GSO projection, effective radius 
becomes Q 0). 



• M^r-sector — > A-type boundary condition. We denote the Ishibashi state in this 
sector as |/, m,s)j {I = 0,1, . . . , N — 2, m E Z2N, s G Z4, I + m + s G 2Z) which is 
associated to the character Xm{(l) of the representation of the M = 2 minimal model 
with central charge 3(A^ — 2)/N. s represents different spin structures of the M = 2 
theory. 

Tensoring all the sectors we can obtain the Ishibashi state |Po,'So; l,m,s; p)j which diag- 
onalizes the closed string Hamiltonian H^'^'> 

(c) q2^0' 2^ 

/(Po,So; l\m',s; p\q"^ |po,So; l,m,s; p)j = ^(^^d xfo'^^"'Hg)Xm (g)'^(Po - Po)'^so,4^M' " " 

(2.24) 

where q = and Xs^^'^Kq) denotes the character of SO{d)i {sq = 0, 1,2, —1 correspond 

respectively to the basic, spinor, vector, co-spinor representations). Note that d — 2 free 
fermions of the transverse directions R"'"^ are combined with the two fermions coming from 
the M = 2 Liouville sector and generate the SO{d) current algebra at level 1. 

We now impose the GSO conditions which enforces the integrality of the f/(l)i? charge 
and determine the spectrum of F-momentum p in the Ishibashi state |po, sq; l,m, s; p)j. 

• In all of the cases d = 2,4:, 6, the GSO conditions for the NS sectors is given by 

Sr\ S TtX 

-J-- + --QP e 2Z + 1, {so,s = 0,2). (2.25) 



For the R sector, the conditions are 



f -2 + ]v-QP e 2Z + 1 (2.26) 



^ = 4 -f -| + ^-^^^2Z + l (2.27) 
d = 6 _|_^ + ^_gpe2Z (2.28) 

Shift in the right-hand-side of GSO conditions in the R sector is due to the presence of U{1)r 
charge (c? — 2)/4 in Ramond ground state of the R'^"^ sector. 



2.4 Cardy States in Singular CYn Theory 

It is well-known that open string amplitudes factorize when Cardy states are used for the 
boundary states Following the standard prescription we construct the Cardy state as 
the "Fourier transform" of an Ishibashi state, 



|L,M,5; R,Xo,So)c (2.29) 



where the sum over p runs over the values dictated by the GSO conditions. Sm denotes the 
matrix element of the S'-transformation of SU (2) characters 

[J . f niL + l)i£+l) \ 

R denotes the location around 5*^ described by the field Y. From now on we only treat the 
boundary states with the center of mass coordinate Xq = and suppress the R'^~^ sector. We 
then write the Cardy state as \L, M, S; R, 5'o)^. 

By combining spin structures S, Sq we construct the boundary states |L, M, R; ri)^(^^\ 
\L,M,R;7])^c ^ as 



\L,M,R;+l)l^'^ = I E \L,M,2a-R,2(3)c, 

a, 13=0,1 

|L,M,/?;-l)[f^) = I E \L,M,2a + l;R,2p + l)c, (2.31) 

o,/3=0,l 

|L,M,i?;+l)g^) = I E i-ir^''\L,M,2a;R,2P)c, 

a, 13=0,1 

|L,M,i?;-l)g^) = I E (-l)"+^|i^,M,2a + l;i?,2/? + l)^. (2.32) 

^ o,/3=0,l 
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One can check that |L, M, R; r])^Q^'' in fact contains only NSNS components of Ishibashi states 
(s, So = 0, 2) and similarly |L, M, R; 77)^^ contains the RR components (s, sq = ±1)- We also 
notice the following boundary conditions in the fermionic sector 

{G^-irjGf,)\L,M,R;ri)P = 0, (2.33) 
(*±-zr7^^J|L,M,i?;77)W = 0. (2.34) 

We will drop the superscript (R) from |L, M, R; rf)^^^ in the following sections where we will 
work exclusively in the Ramond sector. 

3 Boundary State Approach to the Periods 

In this section let us study the periods or the central charges of the D-branes wrapped around 
the vanishing cycles. We start with simple geometrical computations of the periods and scaling 
behaviors of vanishing cycles when the CY manifold approaches the A-D-E singularities. 

3.1 Geometrical Analysis of Periods 

Let us consider the perturbed Landau-Ginzburg potential 

Af-2 

F^X"" +Y.9mX^ + ^^ + zl + ■■■ + zl = P{X■gm,^i) + zl + ■■■ + zl (3.1) 

m=l 

F{X, Zi) — describes the CF„ with an isolated Ajv-i-type singularity. In the following 
discussions the coupling constants gm (Vm) are sometimes set to zero for the sake of simplicity. 
The holomorphic n-form of Xn is defined by 

_ dX AdziA-- - A dzn-i , . 

dF/dz^ ■ ^'^■'^ 

When we assign the [/(l)-charge 1 to the superpotential F, n-form fl has the f/(l)-charge 
rn = — . We also introduce the derivative of the n-form in the coupling constant 

= -^—\gi=0: (3.3) 

in 

which has the U (l)-charge; rQ+ — — l. Since the variables Zi, i — 1, ■ ■ -n enter quadratically in 
P{X; g^, /i) they may be integrated out in the evaluation of periods. Up to a proportionality 
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constant we have 

J^ = J PiX;gm,fi)'^dX = J P{X- g,^, fif-^dX. (3.4) 

Let us now consider the roots of the equation P(X; g^, /^) = and denote them as Xa, a = 
1, - ■ ■ ,N. We introduce an arbitrary path Cab in the complex X-plane connecting a given pair 
of roots Xa and Xb- Let us then consider the integral of the n-form Q and compare it with 
the integral of along the path Cab- Periods are identified as the central charges carried by 
the particles obtained by wrapping the D-brane on vanishing cycles. On the other hand the 
integral of the absolute value of the n-form gives the masses of these particles. We have an 
obvious inequality 



/ \P{X)^dX\ > I P{X)^dX 



mass > [central charge] . (3.5) 

This inequality is saturated and we obtain BPS states iff the phase of P{X)^^~'''^^'^dX is 
constant along the path Cab- If "we suppose, for instance, that the contour Cab is on the 
real axis and P{X) is real and negative along Cab- In this case by taking the real part of 
the equation F{X, zi) = we find a fibration of a sphere 5*""^ over the interval Cab whose 
radius vanishes at the end pints Xa-,Xb. Altogether it describes an n-dimensional cycle with 
a minimum volume and thus a special Lagrangian submanifold of X„ []32| , 

In general it is a non-trivial problem to find out if there exists a Lagrangian submanifold 
in a given (relative) homology class [Cab\- One has to solve the differential equation 

dX a 

-TT = ——-6^) 3.6 
dt P{X) — 

and construct an integral curve which passes through both Xa and Xb- a in ( p. 61) specifies the 
phase of the period integral in question. We cannot always expect the existence of such an 
integral curve for an arbitrary deformed polynomial P{X; gm, fJ') and a pair of roots Xa, Xb- 
To establish the existence of such a curve is an important problem in the study of stable BPS 
states, and some of its features have already been discussed in p. In our simplest case with 
the polynomial P{X; g^, ^J') = X^ + /i, there exists a unique solution of ( |3.6| ) for any choice 
of Xa, Xb- Since each pair Xa,Xb may be identified as a root of SU{N), vanishing cycles 
corresponding to the roots of A^^i provide the stable BPS states in our coupling region. 
Let us now parameterize pairs of roots of P{X) = X^ + = as 
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where L = 0, 1, . . . 



^-1 

2 



M G Z2Ar, L + M G 2Z + 1. It turns out that parameters L, M 
correspond to the quantum numbers L, M of the M = 2 minimal model. Let us denote the 
SUSY cycle corresponding to the pair as 7LAf- 

We next evaluate the integral of holomorphic ra-form VL over a path Clm connecting Xq, 

/ (X^ + /i)^dX (3.8) 

Unlike the computation of the mass of a particle, period integral depends only on the homology 
class [Clm] and is independent of the choice of the contour. We may introduce the "Morse 
function" W{X) = W{X- /i) by 

dW{X) = P{X)^dX, (3.9) 

and then the period integral is simply expressed as 

[ n= [ P{X)^dX = W{Xb) -W{Xa). (3.10) 

We note that W{X) is no other than the superpotential for the space-time superconformal 
theory discussed in [^]. The definition (|3.9| ) leads to the following scaling properties of W{X)] 

W{a^/^X■a^J) = a^+^W{X;fi), (3.11) 
W{e^^''^/^X-n) = e2™/^Vr(X;/i). (3.12) 

We thus obtain the following behavior of the periods (up to an overall constant independent 
of L, M); 

1] ^ /i''"e^"^ sin fvr^^^V (3.13) 



Clm V N 

dW 

Moreover, since the functions Wm{X) = — — \g-=o have similar scaling properties, 

Py^(«i/^X;«/i) = a'^+"-^WUX;fi), (3.14) 

l^^(e2™/A^X;/i) = e'-'^WUX;fi), (3.15) 



we also obtain 



^ „ ^ I m ^ i:, M(n, + l) . / (L+l)(m+l)\ 

Clm \ N J 

= ;,-oa-A(.^))e-^ Sin L (L + l)im + l) \ ^^^^^^ 
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— TTl 

Here A(gm) = represents the scaling dimension of the couphng constant gm- In ref. 

0, ^ the couphng constant Qm is identified as the VEV of a chiral operator in the space-time 
superconformal theory. For example, in the d = 4 case A{gm) = 2 ^ ^ ^ , which agrees 



with the spectrum of scaling dimensions |Q at the Argyres-Douglas points ||3^. Since the 

- 2 

unitarity bound imposes A{gm) > 1, m is bounded from above; m = > m. 



3.2 Boundary State Approach to the Periods of Vanishing Cycles 

Let us now turn to the stringy computation of the periods of vanishing cycles by means of 
the Af = 2 Liouville theory. We make use of the boundary states constructed in the previous 
section and compute their correlation functions by inserting the cosmological constant opera- 
tors 5*^. We shall show that the two point function of the boundary state and the chiral field 
depends only on fi (not on p,) due to chirality conditions and behave exactly as in ( |3.16| ). 



Following ||19[ we first introduce suitable disk amplitudes which correspond to period 
integrals in CY manifolds. Fix a SUSY cycle 7, and let I7) be the corresponding boundary 
state. We also introduce a (c, c) chiral primary field 0q,. We then define the periods of 7 with 
respect to 0q, by the following two-point function 

Ul = lim (O;+|0„e-^^'^'|7)^^. (3.17) 

I — 5- + 00 

|0; ±), (0; ±1 denote the RR vacua obtained from the identity operator by the spectral fiow. 
They possess the hermiticity property 

|0;+)^ = (0;-|, |0;-)^ = (0;+|. (3.18) 

and are expressed explicitly as 

|0; ±) = |/ = 0, m = ±1, s = ±1)m^ ® e^^^«±*^^° |0)^ 



(3.19) 



(0;±| = (/ = A^-2,m = ±(iV-l),s = ±l|j,,^^® (0|^e^5^^«±4^o 

{g)(/ = A^-2,m =ir(A^- l),s = ±1\m^ ® (0|j e^t^^^^^^o. 

Here the bosonic field H is related to the fermions in the Liouville sector as = e^'^ 
and Yq, Ho denote the zero modes of Y,H. These RR ground states are annihilated by Gq ; 
Go • 
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Let us explicitly construct cliiral fields 0q, in the combined M = 2 Liouville and minimal 
theories. A general chiral field is obtained by taking a chiral field of the minimal model 
(corresponding to the monomial in the Landau- Ginzburg description) and by "gravita- 
tionally" dressing it by the Liouville field as 



■'m,r 



^M^^Pn.A<t>+iy)^ m = 0,l,---,Ar-2, rGZ. (3.20) 
Momentum p of the Liouville and Y field takes values dictated by the GSO condition 

TTl T 

where r runs over odd integers (in NS sector). Total f/(l)_R charge of 0m,r is readily computed 



as 



U(l)-charge(0^,,) = r. (3.22) 



TTl 

Fractional charge — from the minimal sector has been canceled by the F-momentum of the 

N 

Liouville sector. Then r can freely run over (odd) integers. 

We can likewise introduce the (a, a) type chiral primary fields 4>^ ^ and then the states 
0m,T-|O; +), 0mT-|O; ~) span the complete set of RR vacua. 

For each fixed value of m it is natural to consider the value r = r* which gives the minimum 
U{l)fi charge and identify (pm,r* as the "primary operator" . Then the other operators (pm^r 7^ 
r*) become its "descendant" fields. Namely, we adopt 0m,r*=i as the primary field for each 
fixed value of m. Quantum number r originates from the momentum around and thus it 
represents the KK mode. It may also be identified as the number of DO branes attached to the 
SUSY cycles. These descendant fields appear quite similar to the gravitational descendants 
in 2D gravity theory described by Landau- Ginzburg formulation [Q. It is curious to see how 



far we can push the analogy to 2D gravity. The appearance of descendants has also been 
noted in SL{2, R)/f/(l) formulation in a somewhat different context ||25[| . 

We now want to propose that the periods 11^ ( p.l7|) with 0^ replaced by the primary field 
4>m,r* correspond to the periods of Qm defined geometrically in ( |3.16| ). We will now see how 
this correspondence works. 

Let us first examine the general properties of the correlation function 

n2:= lim (O;+|0^,,e-'^^'^'|L,M,i?; r/)c (3.23) 
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{a stands for (m, r) and 7 for (L, M, R)). First we should note that the period IJ^ vanishes in 
general due to Liouville momentum conservation unless the system is perturbed by Liouville 
potential terms. In fact the boundary state has a fixed (imaginary) Liouville momentum = 
—Q/2 while the primary field ( |3.20D carries = Pm,r and thus the net Liouville momentum 
becomes pm,r — Q/2 in 11^. On the other hand due to the presence of the background charge 
Liouville momentum has to add up to —Q on the sphere in order to give a non-vanishing 
correlation function. We find that the momentum conservation law Pm,r ~ Q/2 = —Q has no 
solution with m = 0, . . . , — 2, r G 2Z + 1 and thus the period 11^ has to vanish. 

As we have discussed in section 2, there are three different types of Liouville potentials 
Snc, S"^ which may be used for perturbation. It is shown in the appendix that 

(1) Correlation function 11^ remains zero when the non-chiral operator Snc is inserted. In 
general 11^^ does not depend on the perturbation of the Kahler potential. This follows from 
the chirality properties of the RR vacua and also from the boundary condition satisfied by 
the boundary state. 

(2) Correlation function also remains zero under the perturbation by the anti-chiral operator 

S-. 

On the other hand, as we shall see in the following, the insertion of chiral operator into 
the correlation function gives a non-zero result. Therefore when the system is perturbed by 
the cosmological constant operators S*^, 11^^ depends only on /i and not on /2 and thus has the 
holomorphicity in /i. In the following we derive the scaling laws of the periods by inserting 
the cosmological constant operator S~^. 

Let us now recall some technology of the computation of correlation functions in Liouville 
theory. In the standard treatment [|18] one first integrates over the zero-mode of the Liouville 
field and obtains the insertion of the Liouville potential term ~ r(— n)/i"(5'"^)" into the 
correlation function. Here n is the number of insertions of the cosmological constant and is 
given by 

n = Qpm,r + (3.24) 

Note that this agrees with the value given by the Liouville momentum conservation. We 
compute correlation functions first by assuming as if n was an integer and then continue the 
results to the (generically) fractional value ( p.24|) . This method of analytic continuation is 
somewhat heuristic, however, it is known to reproduce the correct results at least in bosonic 
Liouville theory. Recently the procedure has been made more rigorous by approaches based 
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on the conformal bootstrap [^|. We assume that the same prescription works also in the case 



of fermionic Liouville theory. 

Now, the evaluation of the disc amplitude goes as follows: As we see in the appendix, 
insertion of the operator S~ gives a vanishing result at T = oo and we need to consider only 
the insertion of the operators. We use the bosonic representation of fermions = e^'^ 
and the algebra of vertex operators to obtain 

(0; +|0^^,.(/i^+)"e-^^''' |L, M, R; t])^ = /i"(0; +\(f)MN^{P^,r-^)(^o+iYo+4>o+iYo) 

i=l i<j j=l 

(3.25) 

where V^{z) = exp + iyW(z))/Q - and /fW are positive 

frequency parts of the fields 0, Y, H . Negative frequency parts of 0, Y, H have already been 
annihilated by the vacuum (0; + |. We recall that the vacuum (0; +| carries a y-momentum 
Q/2 and the boudary state \L, M; R,ri) has an (imaginary) 0-momentum —Q/2. Since the 
net momentum must equal —Q to have a non-zero correlation function, boundary state 
\L, M; R, rj) carries an effective momentum Q/2. We then find the zero mode factors 0o, Yq 
cancell exactly in (|3.25|) when the insertion number n takes the value (|3.24| ). 

When V^'^\zj) {j = l,...,n) hit the boudary state in (^.25]), they are converted into 



negative frequency parts ^ due to the boundary conditions. For the Liouville field we have 

0W(z)e-^^'^^|L,M,i?; rj) = ^^'\z''e'^)e-''''''' \L, M, R; r]), (3.26) 

and a similar equation holds for Y, H with a — sign in front of RHS. We also note that H 
zero mode obeys a relation 

e-^^° |L, M, R- r]) = ir]e'^''\L, M, R; 7]} (3.27) 



in order to reproduce (|2.34| ). 



When we next move these negative frequency operators to the left so that they get an- 
nihilated by the vacuum (0; +|, we pick up commutator terms with V^^\zj) (j = 1, . . . ,n). 
Collecting these factors we find 

r(-n)(0; +10™,, LS^Y e-^^'^' |L, M, R; t])^ 



l^N sin ( 



^^"^ ^^^Vr sin L (^±ll^!i±l) ) (3.28) 



r(m+l) \ \ 
N ) 
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where we have introduced a notation 



cin) ^ T{-n)e-"-^ f[ [ d'z, [] " ^.f 11 t^- (3-29) 



Note that the RHS of (|3.28| ) does not depend on R and we will henceforth suppress the label 
R in the Cardy state. 

In the limit of T ^ +00 we have 



/X X n(n + l)T -. ^ f „ r, n(n + l)T , n(n + l) 

c(n) = r(-n)e — n / rf^^i n - - e —A^- (3.30) 

i=l i<j 

where A is the area of disk (world-sheet). The important point here is that the numerical 
factors c(n), sin ( j^^^^^ ^ etc. are independent of the parameters L, M characterizing the 
boundary states. Thus we may absorb them into the normalization of the chiral field 4'rn,r- 
After the analytic continuation in n using the selection rule ( |3.24D , we obtain 

l,m (Oi+|^„,.e-™'''|L,Mi,,),«f,»+*-'sin(.(^l±i|^i±il)e-^. (3.31) 

Recall that we regard 4>m,r=i as the primary fields. For these operators we find 

lim (0; +|0^,ie-^^'^' \L, M; r^)^ ^ ( iL + l){m + l) \ ^..M^^ ^3 32^ 

' \ N j 

Q2 

where = — , A((7m) = {N — m)/Nr^. ( |3.32|) reproduces exactly the geometrical calculation 
( p.l6| ) when we make the identification 

\L, M)(j 7i_M, 0m,l ^m- (3.33) 

We would like to make a few remarks: 



1. With our convention Ramond ground states are mutually orthogonal in the sense that 
(0; +|0„^,r0n^^.'|O; +) = 0, (0; -\(t)l,^,ct)*^,y\Q- -) = 0, (3.34) 

(0; +10^,^0^, _^,|0; -) OC 5m,m'5r,r', (0; -|0;^_^0m',r'|O; +) OC 8m,m'5r,r'- (3.35) 

As one may easily check, these properties follow from the conservation laws of Liouville and 
F-momentum and also of the fermion number when we evaluate the inner products by insert- 
ing Liouville cosmological terms. 
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2. In view of the result (|3.33 ), it is quite natural to suppose that the marginal perturbation 
by the (c, c) operator 

J d'^z ^ dwG~{w) dwG~{w)(j)m,r*{z,z), (3.36) 

corresponds to the deformation of the singularity by a monomial 

+ /i ^ + gmX"^ + II. (3.37) 

In order to test this identification we may compare the norm of the differential form fi^, 
/ \^m\^ with the Zamolodchikov metric (0; +|0m,i0m,i|O) ~) i'^ ^^e moduli space of A/" = 2 
theory. Using a similar method of calculation as in the case of periods, Zamolodchikov metric 
is evaluated as 

(0;+|</>^,iCi|0;-) ^ (0;+|</.„,i(/i5+)'^e-2^^'^'(^^-)"CjO;-) 

( p.38| ) agrees with the geometrical relation / \^m\^ ~ |^|2»'n(i-A(gm))_ 

It is worthwhile to note that the normalizability condition of the operator (prn r* at (/) ^ 



+00 in the context of Liouville theory |^ corresponds to the inequahty A{gm) > 1. This 
in turn corresponds to the divergence of the metric / \n^\^ in the ^ limit. As 

JCY„ 

discussed in [|, ^, this behavior is equivalent to the requirement that Qm is supported by 
a normalizable cohomology class localized at the singularity, so that the coupling can be 
realized as the VEV of some dynamical fields in space-time conformal theory. We summarize 
the normalizability condition of primary fields in various dimensions; 

d = Q] All the primary fields are normalizable. 

N -2 

d = 4; is normalizable, iff < m < m = 



2 

d = 2; All the primary fields are non-normalizable. 

3. It turns out that in the conifold case, d = 4, N = 2, one has n = (m = 0, r* = 1) and 
the factor r(— n) coming from the (po integral becomes divergent. We then obtain a scaling 
violation 

^i+T(-l -e) ~ ^^ + ^ln/^ + 0(e). (3.39) 
e 

Analogy of the conifold theory to 2D gravity coupled to c = 1 matter has been stressed in . 

17 



4 Open String Witten Index 



4.1 Generalities of Open String Witten Index 

Let us next look at intersection numbers among SUSY cycles in singular CY manifold and 
try to reproduce them using the perturbed Liouville theory. Intersection numbers among 
boundary states are computed by the open string Witten index in world-sheet theory. Open 
string Witten index is in general defined as the cylinder amplitude EH 



A'7 = rrH'^ vh; -v)rr, (4-1) 

where 7, 7' corresponds to the SUSY cycles described by the Cardy states. Opposite signs for 
the signatures between in and out states correspond to the insertion of (—1)^. This amplitude 
can be evaluated by inserting the complete set of the string states \n) in the RR sector 

ly^ = J2RR{^''^v\n){n\r,-v)RR- (4-2) 

n 

According to the standard argument on supersymmetry index, one may keep only the RR 
vacua in the intermediate states of this amplitude. In our formulation, RR-vacua are mutually 
orthogonal but are not normalized. Thus we consider 

J V Mi-Mn){n\r,-V)RR_ (4.3) 

(n\n) 

ndRR vacua \ I ' 

This gives the starting point of our evaluation of the index. 

4.2 Open String Witten Index for the Singular CY Theory 

Let us now compute the Witten index 

I{L',M',R';L,M,R)= ^1™, 

nSRR vacua 

(4.4) 

Ordinarily we should be able to compute (O) for any T and obtain a result which is T- 



c{L',M',R';+l 




\n) X (ji 




L,M,R;-l)c 


{n\ 




n) 



independent. Unfortunately, in Liouville theory we can compute it only in the limit of T = 
+00. In the following we evaluate the index at T = +00 and assume that the result gives the 
correct topological invariant. 
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If we use the field identification in the minimal sector 

\^,m,s) = \N -2- t,m + N,s + 2), (4.5) 

we can set s = sq and the RR vacua constructed in the previous section span the complete 
set of states to be inserted in ( [4 .41) . We introduce the following notation 



|m,r;s' + l) = 0„,,|O;+) = eP'"-'-(^+'^V™'^|0;+), (4.6) 
|m, r; s = -1) = C.|0; -) = eP--(^-^)0^^-*|O; -), (4.7) 
(-m, -r; s' = +l\ = (0; = (0; +\eP-AnrY)^M^^ ^4_g) 



^r- s' = -1| = (0; -10;,, = (0; -\e^-^(f-'^^ ^'J^-\ (4.9) 

Here s' = s = sq and m runs over the values m = 0,---,A^ — 2. The numerator of (|4.4| ) is 
then evaluated as 

a{L',M',R';+l\e-^^^'\^,S^'r\m,r;s') ^ (/..O'^e"^-^^ e^^^^ (4.10) 



2(2iV)V4 



2(2iV)i/4 



(4.11) 



Here we use the abbreviated notations 



" ^ . - ^ . (4.12) 

V (s' = -1) [ S- (/ = -1) 

The number n of insertions of Liouville potentials is given by 

Q2 

n = Qpm,r + ^ (4.13) 

as before. There is again no i?, i?' dependences in these amplitudes and we omit these labels 
from now on. 

An additional factor e~*'^" in ( |4.11| ) follows from the fact that the signature r] has opposite 



signs in the in-coming and out-going boundary states. Namely, when we use the fermionic 
boundary condition (|2.34|) , we pick up an additional — sign for each mode j = 1, ... ,n in 
( [4.11| ) as compared with ( [4. 101) and we obtain (—1)". 



We also evaluate the denominator of the formula (|4.4| ) as 

(-m,-r;-s'|(/i_y5-^')"e-2^^'''(/xy^^')"|m,r;s') ^ e-"("+^)^c(n)2|;x|2". (4.14) 
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By combining these calculations the formula (O) now reads (up to the overall normal- 
ization) 



N~2 



IiL',M'-L,M) = 2^2^ 2. "'cV "-^ e-^ 

r m,=Os'=±l '-'O.m 
N-2N-2 

= EE E E ivi„^,^e-^ 

r 1=0 m=Os'=±l 



in ^'^+^^ M-M') -inn 



(4.15) 



SLm is the matrix of the S'-transformation of SU{2) and we have used the Verlinde formula 
for S'[/(2)jv-2^11- ^VL denotes the fusion coefficients of SU{2)n^2- 

We find that the factors c{n), e~"("'+^)^ etc. and the powers of yU, ft exactly cancel between 
the numerator and denominator in the formula. This is consistent with the fact that we are 
calculating a topological index. 

The GSO conditions ( p.26|) , ( p.27|) , (|2.28| ) for \m,r; s'), {—m, —r; —s'\ are now written as 



d = 2, 6; 
d = 4: 




r E 



(4.16) 
(4.17) 



2Z + 1 (s' = -l) 

We evaluate the crucial phase factor e~*™ in ( |4.15| ) by using the GSO conditions. We easily 
find 

d = 2 
d = A 
d = 6 

We hence obtain the index for d = 6, 



(m+l) 

e " , 



iri I ■ (m + l) 



.(m + 12 
N 



(4.18) 
(4.19) 
(4.20) 



N-2 N-2 

IiL',M';L,M) = J2J2 E KLSimi-e 

r 1=0 m=0 

N-2 N~2 



, ■ (m + l) . (m + l){M-JV/') 



(m + l)(M-Af') ^ • (m+l) 



+ e" 



. (m+l)(A/-JV/') , 



■ (m + l) 



EE Y.N[,LSime 

r 1=0 m=0 
N-2 

EE E iVi„(-l)4^5(2^)(M-M' + a(^+l)+/?), 

r e=0 a,l3=±l 



(4.21) 



where we have used the relation i + M-M' = L + L' + M-M' = (mod 2). 5^^^) denotes 
the Kronecker-delta modulo 2N. In the case of c? = 2, calculation of the index is completely 
parallel to the d = 6 case. 
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In the case of (i = 4, we instead obtain 

1 — ^ 1 — ^ 1 — ^ ! ■ (rn + 1) . (m+l)(AI~M') . (m+1) { A/- A/' ) 

I{L',M';L,M) = E E E Nl,S,^e-'-^{te^-^ ^ _ ^^^^ 

r 1=0 m=0 
N-2 

^EE E iV[,^(-l)f5(2^)(M-M' + «(/ + l)+/3). (4.22) 

r 1=0 a,f3=±l 

We have several comments to make: 



1. The above formulas ( |4.21| ), ( [4.22| ) involve a decoupled sum over r, i.e. descendants, 



which generates an overall infinite factor. It is not clear to us if this divergence really exists 
in the theory: it is conceivable that these descendants are singular vectors in Liouville theory 
and may not appear as intermediate states in correlation functions. This is in fact the case 
in 2D topological gravity. We would like to clarify this issue in a future publication. 

2. If we ignore the divergent summation, our result reproduces the prediction based on the 
geometrical calculation under the correspondence ( |3.33| ). It also coincides with the formula 
recently proposed by [^, |2^ using the S'L(2; R)/f/(l) Kazama-Suzuki model in the d = 6 



case. In these papers, however, the validity of a formal analytic continuation in the level k 
of SU{2)k WZW theory to a negative value has been assumed. It will be interesting to see if 
an operator insertion calculation like ours may be carried out in S'L(2; R)/f/(l) theory and 
confirm their result. 

3. As a consistency check, we notice that the matrix I{L', M'; L, M) for d = 2, 6 is 
symmetric while the one for d = 4 is anti-symmetric with respect to L, M and L', M'. This 
is consistent with the fact that I{L', M'; L, M) is identified as the intersection matrix among 
the even (odd) dimensional cycles for c? = 2, 6 {d = 4). 

For example, in the simplest case L = L' = 0, we obtain 

Im,m' ~ 5^^^\M - M' + 2) + 5^^^\M - M' - 2) - 25^^^\M - M'), d = 2,Q (4.23) 
Im,m'-^^^^\M-M' + 2)-5^^^\M-M'-2), d = A. (4.24) 



Especially, in the d = 2,6 cases we have the extended Cartan matrix of the y4Ar_i-type |24 . 
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4. Although we have restricted ourselves to the A-tjpe singularity, it is straightforward 
to extend our analysis to the more general A-D-E cases since it is known how to construct 
the Cardy states based on A-D-E type modular invariants |3^. In the general A-D-E case 
our computation of Witten indices gives rise to characteristic factors of the form — 
(d = 2,6), + (d = 4) {h denotes the Coxeter number of A-D-E algebras) and we 

obtain the same results as in ||25|| . 



5 Relation to the SL{2] R)/U{1) Approach 

In this section we examine the perturbation of the Liouville theory by the non-chiral operator 
Snc, which corresponds to the screening charge in the Wakimoto representation of SL{2, R) 



current algebra |^0[- we have pointed out, this operator does not affect the complex 
structure of the theory, but it modifies its Kahler structure, i.e. the metric of the target 
space. Bosonic part of the action of the perturbed theory is given by 

Sl = ^ j d\ {{daCt>f + {daY f] - ^ j d^R 

+A j d^z{d(t)-idY){d(l) + idY)e-^^. (5.1) 

Here A is the coupling constant. By performing the T-duality transformation along the In- 
direction, we obtain an action 

+X J d^z {d(f) ~ idX){d(j) - idX)e-'^''', (5.2) 



where the dual coordinate is denoted as X. This deformed action (|5.2| ) is exactly the one 
considered in in connection with the SL{2,'R,)/U{1) model of 2D black hole |2^. There 



the coupling contant A is interpreted as the black hole mass parameter. In fact, by changing 
the coordinates as 



2 

= — log cosh r + 00 

s 

X = — {9 — i log tanh r) 



(5.3) 



and tuning the coupling as A = 6^"^°, the above action is trasformed into 

5'2DBH = ^J d'^z {{dar)^ + tauh^ ridaOy} -^Jr log cosh r, (5.4) 
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where we set k = —. This is the exactly the (Euchdean) 2D black- hole which describes the 
non-compact cigar geometry. 

Our observation above seems to support the conjecture of § that the SL{2]'Ei)/U{l) 
model and the M = 2 Liouville theory should be related by T-duality. Here, however, is 
a problem: the counter part of the cosmological term is missing in the SL{2, R) side. 
We do not have an operator in SL{2,'Ei)/U{l) theory which deforms the complex structure 
of singular CY manifold. It seems likely that the deformed CY manifolds no longer possess 
SL{2, R) symmetry. 



6 Discussions and Concluding Remarks 

In this paper we have studied the scaling behaviors and intersection numbers of vanishing 
cycles in singular CY manifold making use of the supersymmetric Liouville theory. We have 
obtained results which are in good agreement with geometrical considerations. 

It is well-known that in the case of d = 6 dimensions, the T-dual of the ALE space is 
given by a collection of parallel NS five-branes with its throat region being described by the 
SU{2) WZW model 0, On the other hand in the case of c? = 4 dimensions we expect 
the T-dual of a singular CY threefold to be given by a collection of NS five-branes wrapped 
around a Riemann surface. Explicit description of such a configuration has not been worked 
out. Instead a configuration of intersecting NS five-branes has been proposed to represent the 



geometry of the conifold [43]. However, the position of the singularity is delocalized in this 



description and intersecting-brane picture does not seem fit to our framework. 



It has recently been pointed out ^J] that the geometry of the conifold may be approxi- 
mately described by an ^(i^^^ ^ WZW model of the type proposed in The sigma 
model metric of this WZW model is given by 

fk~ 

ds^ = ki{del + sin^ + k2{del + sin^ ^2^2) + + cos + \ cos^2t^02)^ (6.1) 

V ki 

where ki and k2 are the levels of two SU{2) current algebras. (pijOi {i = 1,2) and are the 
angular variables of two and three sphere, 5*^, 5''^. On the other hand the angular part of 
conifold metric is given by |^ 



ds'^ = l:(del + sm^Oidcpl) + hdOj + sin^ e2d(l)l) + hd^; + cosOidcpi + cose2d(l)2?. (6.2) 
6 6 9 
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Since the target space and the sigma model metric of the WZW model should agree only at 
large N or levels of current algebra, we can not unambiguously determine the levels ki,i = 1,2 
by comparing the above two expressions. However, in our construction of modular invariant 
partition functions |T2[, we have encountered an extra parafermionic degrees of freedom in 
d = 4 theory. This seems quite consistent with the presence of an extra SU{2)/U{1) factor 
in the above construction as compared with the d = 6 case. It will be very interesting if it is 
possible to find a metric for singular CY threefolds at large A^. 

Very recently a paper [hep-th/0011091| by K.Sugiyama and S.Yamaguchi has appeared 
which discusses a subject related to this article. 
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Appendix 



A Holomorphy of Disc Amplitudes 

Let us recall the definition of our disc amplitude 

n:;= liin (O;+|0„e-^^^^'|7)^^, (A.l) 

where the RR vacuum (0; +| is obtained by the spectral flow from the identity operator 
in NS sector (0; +| = ns{^\U. 4>a is a chiral field of (c, c) type. |7)^j:j denotes the RR- 
component of the boundary state describing the SUSY cycle 7. Note that acting on the 
vacuum (0; + |, modes of fermionic operators are shifted as in the topological formulation of 
the theory U-^G^U = 

1. Deformation of the Kahler moduli 



The Kahler deformations are generated by operators of the form 

ta I d^z idwG+iw) <f_dwG-{w)^a{z,z) + (h.c). (A.2) 

J J z J z 

Here (pa is a (a, c) type chiral field, h.c. means the complex conjugation and corresponds to 
the (c, a) field. In the following we discuss the case of (a, c) type operator. Treatment of (c, a) 
case is exactly similar. 

Acting on the vacuum (0; +| the 1st term of (|A.2|) is rewritten as 



tajd^z{G^,[Gi,Uz,z)]}. (A.3) 

We then obtain 

(0;+|{G+, [Gr,0a]}e-^^'l7;^) = -(0; +|0,GrGo+e-^^'^^ I7; r/) 

= -tv{0; +|0„GrGo e-^^'^' I7; V) = ^V{0■, +|Go G^^e"^^'^' I7; v) = 0- (A.4) 

Thus the period 11" is independent of the Kahler modulus, 

^nj = 0, (A,5) 
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In the above we have used the relation 

(0; +1 G+ = (0; +| (5+ = (n < 0), (0; +| G" = (0; +| = (n < 1) (A.6) 
and the A-type boundary condition 

(G±-zr;G^)|7;r/) = 0. (A.7) 



2. Deformation of the complex structure moduli 

Here we would like to derive the holomorphicity of IV^ on the complex structure moduli. 
Let us consider an (a, a) type deformation, 

ga I d^z (fdwG+{w) (f_dwG+{w)(l)l{z,z), (A.8) 

J J z Jz 

where </>^ is an (a, a) type anti-chiral field. Its insertion into the disc amplitude is evaluated 
as, 

(0;+|{G+, [Gt,m}e-^"'^'\r,v) = {0; +\<I>IG^GU-^"''' \r,v) 

= ir]{0; +10^ ^Lo - ^ e'^"^'^ \r, ??) = in the limit T +00. (A.9) 

Hence 

|n2 = o. (A.10) 

We can also prove in the same way that the period 11^ defined with respect to the vacuum 
(0; — I is independent of the perturbation of the (c, c) type. Hence we have established that 
the holomorphicity of the period H^^ with respect to the complex structure moduli. 
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